Digital sorting perturbed laguerre-gaussian beams by radial numbers via
  high order intensity moments by Volyar, A. et al.
 DIGITAL SORTING PERTURBED LAGUERRE-GAUSSIAN BEAMS BY RADIAL 
NUMBERS VIA HIGH ORDER INTENSITY MOMENTS 
 
A. Volyar, M. Bretsko, Ya. Akimova, Yu. Egorov 
 
V.I. Vernadsky Crimean Federal University, Vernadsky Prospekt, 4, Simferopol, 
295007, Russia 
 
1. Introduction 
 
The unique properties of the Laguerre-Gauss beams (LG) [1] attract the special attention 
of researchers from various fields of science and technology in connection with relative 
simplicity and elegance of their employment. The properties of LG beams, whose mathematical 
structure in polar coordinates is written in a non-normalized form as    
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where 0/r w  is a dimensionless radius,  and  are the polar coordinates, are controlled 
by the beam parameters: 0w  stands for the beam waist at the initial plane 0z , 01 /i z z , 
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 stands for the Gouy phase while m  and n   are the azimuthal and radial indices, respectively.  
The integer index 0, 1, 2,....m  in the exponential factor exp im  acts the part of the 
vortex topological charge (TC) i.e. it sets the phase change by m  cycles of 2  in any closed 
circuit around the beam axis whereas the beam amplitude is zero. It is the topological charge m   
that is responsible for the fact that the optical vortex carries the orbital angular momentum 
(OAM) first noticed by Allen and co-workers in Ref. [2].  Such an exclusive property of LG 
beams immediately found wide application from physical research (see e.g. optical Hall effect on 
a boundary surface [3,4] and the similar effect in uniaxial crystals [5.6])   to astronomy and 
medical optics: the microparticle manipulations [7,8] (see also [9 ] and references therein), in 
astronomy for light twisting around black holes [10 ] and telescopes for observation of  new 
planets in distant stellar systems [11 ], in optical communication in free space [12] and fibers 
[13], in microscopy [14] and even in medical optics [15] for a fractal analyzing of the vortex 
beams scattered by a human skin.  
Against the background of abundant publications on OAM studies (the azimuthal 
quantum numberm ), a completely different attention was paid to the role of a radial quantum 
number 0,1,2,3,...n  in LG beams. It was believed that the radial index of LG beams simply 
fixes a number of degenerate ring dislocations in vortex beams. However, in recent years the 
situation has changed dramatically. It turned out that radial numbers allow one to shape darkness 
knots and control their shape [16, 17].  The original physical interpretation of the radial quantum 
number was presented in recent articles [18-21]. In essence, based on the operator formalism, 
authors of Ref. [18,21,34] revealed that there is a hidden symmetry of the state rendering an 
additional degree of freedom which is not represented by the azimuthal mode number m  but 
connected with the radial number n   called  the “intrinsic hyperbolic momentum charge”[19]. 
Using a radial quantum number increases the reliability of observing and employing the 
“mysterious” effect of entangled quantum states [20,22,24] and enables one to achieve the 
theoretical maximum data transmission capacity in free-space communications [23]. A new 
theoretical approach to the questioned problem of the radial quantum number of photons and LG 
vortex beams required improving adequate measurement techniques.  
As back as in the late 80s of the last century, a computer hologram technique for sorting 
laser mode beams was proposed and developed by Soifer and Golub [25]. Their research was 
based on analogy with a glass prism or a diffraction grating that decomposes a polychromatic 
light into a spatial spectrum of monochromatic beams. Further development of this approach was 
reflected in articles [26-28] for LG vortex modus. The authors formed holographic gratings in 
such a way that the propagation direction of the diffracted beams was determined by the 
azimuthal and radial numbers of the vortex modes and formed a matrix in rectangular or axial 
symmetry at the photodetector.  The original method of sorting vortex beams based on a mode 
conversion was recently described in Ref.[29]. The method requires three consecutive phase 
modulations followed by a single mode fiber [30[. The key point the method is conversion of N  
input beams into N   orthogonal modes of an optical fiber i.e. transformation a mode basis into 
another mode basis that can be separately detected.  Although this approach is characterized by 
low energy losses, its complexity requires careful adjustment in order to achieve sufficiently 
accurate measurement results. Also we cannot but noting articles on the vortex spectra 
measurements based on an optical geometric transformation [31], analyzing interference patterns 
[32], a collinear phase-shifting holography [33] and using controlled random materials [35], that 
also enables one to manipulate of a radial mode number.   
As a special group, we took out techniques of sorting vortex modes by only a radial 
quantum number.  The most popular approach for sorting modes by radial number relies on the 
dependence of the Gouy phase 
,m n
 (2) on the propagation distance z  of LG beams and the 
Rayleigh length 0z  [36]. The measurement process uses either a Mach – Zehnder or Sagnac 
interferometer types. A lens system is placed in one of the interferometer arms allowing 
controlling the Gouy phase. The second arm is for the reference beam. The wave interference 
after a beam image processing enables one to sort LG beams by radial number. The 
measurement error is critical to any variations of the beam waist and wavefront curvature radii at 
the photodetector plane; therefore, the device requires careful adjustment.  Modifications of this 
approach are used in various optical devices, both for communication purposes and for entangled 
quantum states (see e.g. Ref.[23,24,37,38]). So, for example, in the article [37], the authors use 
two sequentially located Mach – Zehnder interferometers. The first interferometer includes a set 
of refractive optical elements to manipulate the fractional Gouy phase by realizing the fractional 
Fourier transform [39] while the second one discriminates the modes based on the induced 
phase. The described approach allows one to sort the modes by both the orbital and radial 
quantum numbers. Is it possible to significantly simplify multi-staged optical systems, excluding 
interferometric devices, so as to analyze the mode composition of the combined vortex beam 
directly without complex optical transformations? 
One of the possible approaches to solving this problem has been recently proposed and 
implemented in the articles [40-43]. The key idea of this technique is to use the intensity 
moments of higher-orders (see e.g. [44,45] and references therein) to analyze the vortex 
composition of the combined singular beams at  their waist plane without interfering in the 
wavefront structure. The authors of Ref.[40] considered specifics of employing the intensity 
moments technique for measuring the vortex spectrum (squared amplitudes and mode phases) 
and using them to calculating the total OAM of the combined beam containing LG modes with 
different topological charges m  of the same signs ( 0m  or 0m )  but zero radial number 
0n  . This technique allowed analyzing structure of the vortex avalanche [41] caused by small 
local perturbations of the holographic grating. The use of the astigmatic transformation of the 
combined beam by means of a cylindrical lens [42] has expanded this technique to the beams 
with different signs of topological charges ( 0m  and 0m ), but  a zero radial number. This 
made it possible to analyze the vortex spectrum and measure both OAM and informational 
entropy (Shannon entropy) [46] in a vortex beam perturbed by a sectorial aperture [43]. 
However, considered approach cannot be used for analyzing laser beams containing LG modes 
with different radial numbers 0n , that can occur even in a simplest situation of aperturing 
vortex beams. 
Let us assume that we were able to develop and implement a technique for sorting LG 
modes by radial number (to plot the mode spectrum). But if the initial beam contains many LG 
modes, then each component in the mode spectrum is degenerate. The more modes the initial 
beam contains, the higher the degeneracy number of each component in the mode spectrum of 
the perturbed combined beam. But a question arises: How to sort LG modes in the case of 
degeneracy? This problem has not been previously investigated. Thus, the purpose of our article 
is to develop and implement the intensity moments technique for the digital sorting of perturbed 
LG beams by radial numbers taking into account the mode degeneracy of the spectral 
components.  
 
2. Preliminary remarks 
 
         The intensity distribution      *00 , , ,r r r       of a monochromatic beam with a 
complex amplitude  ,r   subjected to an external perturbation contains complete information 
about both the initial state of the light field and the source of the perturbation. The key problem 
is how to extract this information from the beam at the experiment. In quantum optics, the 
elements of the optical density matrix (see e.g.[47,48]) are considered  in terms of the photon 
number basis and the Wigner distribution function (see [49] and references therein).   
Applications of the Wigner function technique was analyzed in detail for simple optical systems 
in Ref.[50] and found widespread employment in image recognition systems [44]. As we 
mentioned above, the intensity moments are conveniently used for sorting vortex modes of a 
complex beam by topological charge (an azimuthal number). In this section, we touch upon the 
problem of sorting LG modes by radial number that arise as a result of a perturbation of both a 
single LG beam and an array of such beams.  
        We focus on the perturbation of a monochromatic LG beam by a shaped aperture that does 
not cause a change of the vortex modes phase at the perturbation plane described by a function of 
real variables  ,f r  . We write the perturbed beam field in the orthogonal basis of LG modes 
(1) at the initial plane 0z    in the form 
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where the mode amplitudes are defined as follows 
*
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and     , ,, ,m n m nf       . 
Recently, we have examined the problem of digital sorting of vortex beams by topological 
charge m  in the case of a local perturbation of the holographic grating [40-42] and sector 
aperture [43], provided that the radial number n  does not change. In this article, we draw 
attention to sorting vortex modes by radial number n  provided that the perturbation does not 
affect the azimuthal number  m const  of the initial singular beam. Obviously, such a 
perturbation associated with truncating the beam by a circular hard-edged aperture. Note that this 
problem was repeatedly considered to solve applied problems, for example, to optimize a finite 
number of modes in the expansion (3) (see Ref.[51] and references therein), but the authors did 
not address the problem of mode sorting.  
 
3. Digital sorting of the LG modes 
 
         Before discussing the complex problem of the mode sorting when a combined beam 
containing LG beams array is perturbed (and where the mode cross-talk between the vortex 
modes with the same radial numbers k  plays a leading part), we explore the simplest case of a 
single LG beam perturbation. The requirement for an aperture function  ,f r    not to excite 
vortex modes with different azimuthal numbers m  but gives rise to LG modes with variety of 
radial numbers is fulfilled, for example, in the case of a circular hard-edged aperture  
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Now the complex beam amplitude (3) can be reduced to 
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while the mode amplitudes are 
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where  2 2 ...F  stands for a hypergeometric function,  1 nm   is a Pochhammer symbol and we 
used the integral [52] 
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together with the orthogonality condition and the associated Laguerre polynomial representation 
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The mode amplitudes , ,m n kC  in Eq.(6) are specified by a triple of numbers  , ,m n k . The 
azimuthal number m  or the topological charge of the vortex beam in the factor  exp i m  does 
not share in the summation of the modes in Eq. (6) and, therefore, the orbital angular momentum 
of the beam does not change under perturbation. The perturbation process is controlled by the 
rest of two numbers  ,n k  in such a way that to each initial radial number n  before the 
perturbation there corresponds a wide interval of radial numbers k  after action of the 
perturbation. It is convenient to represent the result of the perturbation in the form of the vortex 
spectrum  2 , , ,m n kC n k  shown in Fig. 1. Small variations of the circular aperture radius R  lead to 
a sharp change in the vortex spectrum shape that can be seen by comparing the spectra in Fig.1a 
and b. In fact, the vortex spectra in Fig. 1 illustrate the redistribution of light intensity of the 
initial beam with a radial number n  between LG modes with different radial indices k, i.e. 
sorting modes by radial numbers k .  
 
 
 
 
 
 
          Now, the expansion of the complex amplitude of the perturbed paraxial beam in the z = 0 
plane can easily be extended to an arbitrary length z  by inserting the factor  1/ w z  in the radial 
coordinate r  and the Gouy phase ,m k   (see Eq.(1))  
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Thus, our main task is first experimentally to sort the LG modes by the radial number using the 
approach of high-order intensity moments, and then extend this technique for sorting the modes 
that arise when the array of LG beams are perturbed.  The intensity moments are specified by the 
expression [42,44] 
, , , ,p q p qJ M r r dS       (12) 
where , ,p qM r  stands for the moments function, 
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the beam intensity distribution, , 0,1,2,...p q  . Since the intensity distribution  ,p q r  is an 
axially symmetric function the moments function , ,p qM r  can be reduced to the 
form ,p qM r . The intensity distribution  ,p q r  can be written as 
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To choose the optimal form of the moments function ,p qM , in Eq.(12) it is necessary to find out 
the features of mode amplitudes , ,m n kC  in Eq. (13). As an example, Fig. 2 shows the distribution 
of mode amplitudes , ,m n kC  over the radial number k  of the LG beam perturbed by a circular 
aperture plotted according to Eq. (8). The vortex spectra in Fig. 1 and 2 enable us to make three 
important inferences. First, the LG mode intensities 
2
, ,m n kC  are quickly reduced with increasing 
radial number k . This means that the summation of the LG modes in Eq. (13) can be limited by 
the number maxk N  requiring, e.g., that the squared amplitudes be greater than 
2
, , 0.01m n NC  . 
Secondly, the sign-changing spectrum of mode amplitudes  , ,m n kC k  shown in Fig.2a means that 
for obtaining complete information about the perturbed beam, it is not sufficiently to measure 
a   b   
Fig.1 The vortex spectra  2 , , ,m n kC n k  for different aperture radii: (a) 1R  , (b) 1.5R   and 
3m  . The squared amplitudes  2 , ,m n kC specify sorting the vortex modes by the radial number k  
provided that the initial LG beam  with  the topological charge m  and radial number n   was 
perturbed by a circular aperture of the radius R.  The sum of all  2 , ,m n kC k  for the given 
number n   is equal to unity 
2
, ,m n kC   
2
, ,m n kC   
only the squared amplitudes 2 , ,m n kC  but also measure all cross terms in Eq. (13) to define the 
signs of the mode amplitudes. Third, the dependence curves 1, 2 and 3 in Fig. 2b show slow 
(curve 3) and fast oscillations (curves 2 and 1) of the squared amplitudes  2 , ,m n kC R  on changing 
the radius R  of the circular hard-edged aperture for the initial LG beam with the topological 
charge 3m   and radial number 6n  . Such fast oscillations of the mode intensities 2 , ,m n kC with 
small variations of the aperture radius  R   impose strict restrictions on the choice of the moment 
function ,p qM . As we will show later, an unsuccessful choice of the moment function can lead 
to large errors in the digital mode sorting.  
 
Note that the definition of the intensity moments in Eq. (12) can be treated as a system of 
linear equations with respect to the squared amplitudes 
2
, ,m n kC   and the cross terms , , , ,2 m n k m n sC C . 
Indeed, the terms on the right-hand side of equation (12) depend on the squared amplitudes and 
the cross terms and factors 
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that can be calculated. On the other hand, the product of the experimentally measured intensity 
distribution  exp r  and the moments function ,p qM , and therefore the entire integral (12) can 
be found experimentally in combination with the computer calculations provided that 
   expr r  . The number of variables in the equations is specified by the number of squared 
amplitudes pX  and cross terms pY . The number of the squared amplitudes is N  while the 
number of cross-amplitudes in (13) is defined as the 2-combination of a N  set equal to the 
binomial coefficient !/ (2!( 2)!)N N   so that a total number of the linear equations is 
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Fig.2 (a) Distribution of the mode amplitudes , ,m n kC  by the radial numbers k  of the LG 
beam with numbers 3, 8m n   perturbed by the circular aperture of the radius 2R  ; (b) 
the  2 , ,m n kC R  dependence  of the hard-edged aperture radius R  for the mode radial 
numbers (1) 6k  , (2) 3k  , (3) 0k   provided that the initial LG beam with 3, 6m n   
is perturbed. 
2
, ,m n kC   
R   
1  
2   
3   
a   b   
measured intensity moments are written as  1 2, ... tot
T
NJ J JJ . Further, using Eq. (14), we form 
a matrix 
11 1 1
1
1
... ...
... ... ... .... ...
ˆ ... ...
... ... ... ... ...
... ...
tot
tot
tot tot tot tot
s N
s ss sN
N N s N N
j j j
j j jK
j j j
 
 
 
 
 
 
  
 
          (16) 
 and at last we rewrite Eq.(12) in a form of the linear equations system 
KˆJ X .                (17) 
The terms obtained at the experiment are located on the right side of the equations, whereas the 
matrix elements are theoretically calculated. Then the squared amplitudes and cross amplitudes 
are found as 
1KˆX J .          (18) 
However, the inverse matrix 1Kˆ   can be obtained only if the determinant of the matrix Kˆ  is not 
equal to zero i.e. ˆdet 0K  . Thus, the necessary condition for the choice of the moments 
function is requirement ˆdet 0K   while the sufficient condition is to minimize the measurement 
error of the components of the vector X . The only way to evaluate such a measurement error is 
a computer simulation of the measurement process, comparing the predetermined mode 
amplitudes with those obtained at a computer experiment.  
Let us consider the sorting modes process by the radial number using the above algorithm 
on the example of perturbation of an LG beam by a circular hard-edged aperture. First of all, it is 
necessary to choose the optimal form of the moment function ,p qM . Based on the form of the 
intensity distribution, it is logical to choose the function ,p qM in the form of Laguerre functions, 
which corresponds to the orthogonal basis Laguerre polynomials for the intensity moments 
representation  2, 2pp q qM L r . It was this approach that we used for sorting the vortex modes 
by the topological charge m  in the case of a non-degenerate vortex array ( 0m   or 0m  ) [40]. 
However, the use of this kind of moment function turned out to be inapplicable in this case since 
the verification showed that ˆdet 0K  . We have chosen an alternative orthogonal basis for the 
representation in the form of trigonometric functions ,
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. Although now ˆdet 0K  , 
our computer simulation showed that in the general case p q , the error of detecting the 
squared amplitudes can exceed 70% for different aperture radii R  and numbers  ,m n .  The 
only combination of numbers in the form 1,3,5,...p q   corresponded to a computer 
simulation error less than 1%.  
An important element in sorting is measuring the cross amplitudes sY  and calculating the 
sign of each amplitude. The fact is that processing the combined vortex beam structure 
containing a set of LG modes requires analyzing not only the squared amplitude spectrum, but 
also signs of each mode. To specify the amplitude signs, it is sufficiently to know the amplitude 
sign of the initial unperturbed beam (e.g. 0nY   term), and then find the sign of each mode using 
the chain of cross-amplitudes: 0 1 1... ... totnn n NY Y Y YY       .  
In order to examine in detail the experimental process of the digital sorting LG modes  by 
radial numbers, we choose three  unperturbed LG beams with the same topological charge 3m    
but different radial numbers: 0, 3n n   and 6n   . First, we will implement sorting the LG 
modes for each perturbed beam, and then sorting the LG modes for superposition of all beams. 
The digital sorting was carried out on the experimental setup whose sketch is shown in 
Fig. 3. A fundamental Gaussian ( 00TEM  mode) beam emitted by a He-Ne laser 
( 0.6328  mcm) passed through a spatial filter P-FF where the beam was spatially filtered and 
its parameters were matched with that of the input window of the spatial light modulator SLM. 
The resolving power of the spatial modulator was XXX, the pixel size is XXX that is sufficiently 
for shaping a forked holographic grating for vortex beams with a topological charge of no lower 
than 70m    and a radial number 50n   . The sizes of the holographic grating were controlled 
in such a way as to ensure the corresponding radius R  of the circular hard-edged aperture and 
the required vortex topological charge m  and radial number n . Then the beam was split by the 
beam splitter BS into two arms. The perturbed beam in the first arm was focused by a spherical 
lens 2L  ( 10shf cm )   onto the input window of the charge-coupled device  (CCD1) located at 
the lens focal plane where the intensity distribution processing and mode sorting were 
performed. The second auxiliary arm made it possible to check the topological charge m  of the 
perturbed beam and its orbital angular momentum (OAM). For this, a cylindrical lens CL 
( 20cylf cm )  was placed into the path of the beam, and the topological charge and OAM 
measuring were carried out by the standard technique described in Ref.[40,53].  
 
Let us proceed with the sorting problem in more detail. A sketch of the algorithm for 
processing the intensity distribution  , ,m n r    and mode sorting is shown in Fig. 5. The 
algorithm is equipped with a feedback circuit for monitoring the mode sorting and made it 
possible to sort LG beams with a minimal error of sampling the mode states. The final result of 
the algorithm is of displaying the squared amplitudes  2 ,m nC k   and amplitudes  ,m nC k , as well 
as the information entropy  H R  [46] that serves as a measure of uncertainty inserted by the 
perturbation.  
The algorithm works as follows. First, the algorithm digitizes the intensity distribution 
 , ,m n r  . The next step is a set , , ,p q p q m nM M , as shown in Fig. 5. Next, the image is 
processed and the integral  of the intensity moment .,p qJ  is calculated for each index p  and q . 
The results obtained completely determine the vector J   on the right side of the equation.  
The next step is to calculate elements of the matrix  Mˆ  in Eq.(16) and its determinant 
ˆdet M . If this is not zero ( ˆdet 0M  ), the inverse matrix 1Mˆ   is determined but if the 
Fig. 3.  Scatch of the experimental setup for real-time measuring the vortex and the OAM 
spectrum, P – polarizer, FF – space light filter, SLM – space light modulator, L1, L2 – spherical 
lenses with a focal length 
shf , BS – beam splitter, CL – cylindrical lent with a focal length cylf , 
charge – coupled device  – CCD1,2  
 
 
determinant vanishes ( ˆdet 0M  ) then the algorithm returns a process to specify the form of the 
moment function. ,p qM .  Further, the results obtained are substituted into the equation (18) and 
the squared amplitudes sX   and cross amplitudes sY  are calculated. The components sX of the 
vector X   make it possible to plot the spectrum of squared amplitudes  2 ,m nС k . The spectrum 
 2 ,m nС k  allows one to calculate the informational entropy  ,H m n  for a given perturbation R   
value (see below). The components sY  of the vector X  allow one to determine the signs of cross 
amplitudes 2 j kC C . If the amplitude of the initial beam ,m nC   is known, then a special program 
calculates the signs of all other amplitudes  , , , ,m n k m n ksign C   and plots the amplitude 
spectrum    2, , , ,m n m n k m nC k C k . The spectra  
2
,m nС k ,   ,m nC k  and the informational 
entropy  ,H m n  for the given aperture radius R   are stored in computer memory.  
 
Based on the amplitude spectrum  ,m nC k , the field function 
exp
,m n  in Eq.(6) is calculated 
then turn on the feedback circuit and a binary holographic grating was formed on the working 
element of the SLM modulator in accordance with the expression 
 exp exp, ,cos arg cos ,m n m nT signum Qr           (19) 
Fig.5  Sketch of the intensity distribution processing and LG mode sorting by 
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where Q   is a scale parameter. The holographic grating restored a perturbed beam so that its 
intensity distribution 
exp
,m n  was digitized. A comparison of the two intensity distributions ,m n  
and 
exp
,m n  was specified by the correlation degree 
     exp exp, , , ,
0 0 0
/ ( )m n m n m n m nr rdr r rdr r rdr
  
       .    (20) 
If the correlation degree is less than the optimum value 0.9   then the sorting process is further 
refined.  Otherwise ( 0.9  ), the spectrum of squared amplitudes  2 ,m nС k , the spectrum of 
amplitudes  ,m nC k  and informational entropy are displayed on a computer monitor. This 
completes the algorithm for the digital sorting of LG modes by the radial number k .  
    The experimental amplitude spectra  ,m nC k  shown in Fig. 6 illustrate the characteristic 
features of the of the perturbed LG beams with the same aperture radius 2R   and topological 
charge 3m   but different initial radial numbers 0, 3n n  , 6n   and 8n   . The vortex 
beam perturbation with 0n   in Fig. 6a does not practically make significant changes in the 
vortex structure apart from appearing two adjacent modes with small amplitudes but a phase 
shift by  . The spectral composition pattern changes as the initial radial number grows. A beam 
with 3n   (Fig.6b) already gives rise a broad mode range so that the initial beam energy are also 
redistributed among modes with radial numbers 0, 6, 8n   and  a binary phase set 0   and  . 
The same pattern manifests itself for the rest LG beams with 6m   and 8  in Fig.6c and d.    
 
Fig. 6 The aamplitude spectrum  ,m nC k  of a LG beam with a topological charge 
3m    perturbed by a circular aperture 2R    for four different initial radial numbers 
(a) 0n  ,  (b) 3n  ,  (c) 6m    and (d) 8m  . Callouts: intensity distributions 
 .m n r  of the corresponding perturbed LG beams. The amplitudes of modes with 
initial radial numbers 0,3, 6т   and 8  are colored red 
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A more general picture of the energy contribution  2 , ,m n kС R  of the initial beams in the 
states  ,m n  to the spectral component 0k   at various radii R  is shown in Fig. 7.  
The monotonic theoretical curve and the accompanying experimental circlets of the energy 
redistribution  2 , ,m n kС R  in Fig. 7a show lowering a contribution of the excited modes from 
2
, , 0.1m n kС   to 
2
, , 0.1m n kС   to the initial beam 0n   with increasing the aperture radius R . The 
monotonic nature of the energy redistribution gives way to fast oscillations of the theoretical 
curve as the radial number n  increases in Fig. 7b and c.  
It is 
interesting to note that the maxima of the contribution of the initial beam to the 0k   mode 
2
3,3,0 max
С  fall at the zeros of the Laguerre polynomial    2 23 max 0 1.035; 1.63; 20 32 .L r r R     
while the zero contribution 
2
3,3,0 0С   corresponds to the extrema of the polynomial 
   2 23 0 max 1.33,  2 02 0 . 6
d
L r r R
d r
    . A similar situation is also observed for the initial 
state  3, 6 . The energy transfer from higher harmonics  ,m n  to the vortex mode with stops 
when the aperture radius reaches the optimal spot size of the initial beam 
2 1cr spotR r n m       [54]. As can be seen from positions of the experimental points in Fig. 
7, we observe a slight disagreement of the theory and experiment. Such a mismatch, in our 
3; 0m n    
3; 3;m n    
3; 6;m n    
a   b   c   
Fig. 8   Dependency of the informational entropy H  on the circular aperture radius 
R  for different initial LG beams with a vortex topological charge 3m   and 
different radial numbers (a) 0n  , (b) 3n  , (c) 6n  . Solid lines – theory, 
circulars - experiment 
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Fig. 7  Contribution  of  perturbed LG beams with the initial topological charge 
3m   and different radial numbers (a) 0n  , (b) 3n   and (c) 6n   to the 0k   
component of the squared amplitudes spectrum   2 , ,m n kC R  for different radii R   of 
the circular aperture. Callouts: experimental intensity distributions of the 
corresponding perturbed LG beams at the aperture radius 1R  . Solid lines – 
theory, circulars - experiment 
 
 
a   b   c   
opinion, is caused by the fact that the intensity distribution  exp ,er r   has not completely 
axially symmetric form, i.e. dependence on the azimuthal coordinate   arises, whereas our 
theoretical predictions do not take it into account. The indicated remark means the heightened 
requirements to the adjustment of the experimental setup. However, as we show below, the 
obtained mismatch does not exceed the requirements for the correlation degree   of the beam 
sorting results. 
Increasing the state disorder in the perturbed LG beam can be found by measuring the 
informational entropy ,m nH  (the Shannon's entropy) [46]. To determine the entropy ,m nH  in our 
case we note at first that the normalized squared amplitude 
2 0,1nС  in the expansion (2) can 
be treated as a conditional probability /P k n  of finding out a vortex beam in the state k  
among N  states, provided that the external perturbation R  affected the vortex state n  i.e. 
2
,/ ,m nP k n C R k . Such an approach to counting disorder in the vortex states can be used 
in the Shannon formula [55] written in our case as 
2 2
, 2 , 2 ,
0 0
/ log / , log , 0
N N
m n m n m n
k k
H P k n P k n C R k C R k        (21) 
and measured in bits. On the one hand, entropy ,m nH  can be treated as a measure of uncertainty 
caused by the beam perturbation but, on the other hand, it can be interpreted as a measure of new 
information that appeared in the LG beam after the perturbation. It is important to note that 
informational entropy ,m nH is specified only by the spectrum of squared mode amplitudes 
2
, ,m n kC . Figure 8 illustrates increasing uncertainty in the initial states   3,0 ,  3,3  and  3,6  in 
the form of  ,m nH R   as a result of truncating the LG beam with a circular hard edged aperture. 
All three beam states are characterized by the same type of the entropy evolution: high values of 
the entropy ,m nH correspond to small aperture radii R  and lowering to zero at large radii. 
However, if the beam entropy in the state  3, 0  experiences a monotonic decrease then the 
entropy lowering of the  3, 3  and  3, 6  states are accompanied by fast oscillations that have 
been experimentally recorded.  
 
The final step of the digital sorting process is shaping a beam mixture using amplitude 
spectra , ,m n kC  in Fig.6 and 7, engineering a digital holographic grating at the liquid crystal сell of 
the SLM modulator, and recovering a combined beam. The result of such a sorting is shown in 
Fig. 9. The first two images in Fig. 9a and b refer to the initial beam in the state  3, 6  and to the 
beam engineered of the sorted modes, respectively while the image in Fig. 9c displays the 
a   b   c   
Fig.9   Intensity distributions  ,r   of the vortex beam with a topological charge 
3m   and a radial number 6n    perturbed by a circular aperture with a radius 
2.5R  : (a) the initial perturbed beam, (b) the beam restored by the sorting mode 
beams, the correlation degree is 0.94  , (c) theory 
theoretical plotting. The correlation degree of the first two images is 0.94   that corresponds 
thoroughly to the conditions of the digital beam sorting. 
 
4.  Sorting degenerate beam states 
 
In information transmission and data processing systems, one utilizes a mixture of beams 
with different initial amplitudes and phases. We simplify the problem and choose a mixture of 
monochromatic LG beams with real amplitudes 
nA   without initial phases and perturb the 
combined beam by a circular hard-edged aperture. Similar to that of a single beam perturbation 
in Sec.3  (see Eq. (11) ) we write the complex beam amplitude in the form 
 
 
     
 
2
,
2
, . , 2
0 0
, , 2 m k
r
im m
z M N
i zm
m m n m n k k
n k
e r r
r z A C L e
z w z w z




 

 
   
        
   
  ,   (22) 
where M  is a total number of initial LG beams in the vortex mixture. We see that each k  th 
component in the amplitude spectrum ,m kC  corresponds to M  LG mode beams with amplitudes 
,m nA , i.e. each component has M  fold degeneracy. In order to remove the degeneracy it is 
necessary to subject a combined beam to an appropriate transform. As our preliminary 
estimations showed, one of the possible approaches is to subject the beam to an additional 
perturbation using a sectorial aperture, as was done in Ref. [43]. In contrast to a circular hard 
edged aperture, the sectorial aperture does not change the radial number of the perturbed beam 
 n const  but generates a broad range of vortex beams with different topological charges m . 
The vortex modes of such a perturbed beam are specified by the sum m n  and difference 
m n  of the topological charge and the radial number. However, this approach requires 
detailed study and is the subject of a separate consideration. In this paper, we make use of an 
alternative approach that will be clarified hereinafter.  
An example of our computer simulation of a complex perturbed beam that contains M = 15 
original LG modes is shown in Fig. 10.  
 
First, we measure the amplitude spectrum , ,m n kC with respect to a certain initial radial 
number  n M  in accordance with the algorithm discussed in the previous section (see 
Fig.10a). This beam state is described in terms of the amplitude distribution  , ,m n kC R  for 
a   b   
Fig.10  (a)  Amplitude spectrum  ,m nC k  of the complex beam of three LG beams with 
0m  ,  1 2 30, 3, 6n n n    , 2R    (red collar); (b) entropy  mH R , thin line – 
theory, circlets – experiment. 
different aperture radii R  shown in Fig. 10b and the entropy  mH R  in Fig. 10c. Since we know 
that the beam contains 15M    initial LG modes then each k-th spectral component of the 
perturbed beam contains 15M   secondary modes , 0
M
m k nn
C A

 . In order to decipher the 
obtained spectrum in Fig. 10a, one needs to hold M  keys. Such keys are the amplitude spectra 
 . ,n m kС R  of LG beams for the given aperture radius R , similar to that is done for analyzing 
radiation spectra of various optical sources (see e.g. Ref.[56]). Of particular interest is the 
Shannon’s entropy of a complex beam. According to Shannon (see e.g. p. 8 in Ref.[46]), the 
entropy of a complex signal is calculated as 
2 2
, , 2 , ,
0 0
log ( )
M N
m m n k m n k
n k
H C C bit
 
  .     (24) 
where 
2
,n m np A  is a probability to meet n-th mode in the initial complex beam and 
2 2
, , , ,m n k n m n kC p C  stands for renormalized squared amplitudes . ,n m kС . In other words, each k-th 
component in the sum (11) makes a contribution to each n-th component of the sum (24)  with 
the probability 
np . Therefore, the entropy mH  of a complex beam can be measured similar to the 
technique considered in the previous section and then compared with computer simulation 
according to Eq. (24) 
For experimental sorting of LG modes of a complex beam, we focus on the combination 
of three beams with the same unit amplitudes and radial numbers. Thus, the probability of 
encountering the LG mode in a beam mixture is 1/ 3np  . Figure 10a shows the amplitude 
spectrum  mnС k   of the complex beam perturbed by a circular aperture of the radius 2R  . The 
mode amplitudes of the unperturbed beam are highlighted in red. Each mode beam in the a 
complex beam spectrum makes its contribution to each line of the complex spectrum, say 
3,0 3,0,0 3,3,0 3,6,0С C C C   . For example, using the single spectra of Fig. 6a,b,c, we find 
3,0,0 0.9C  , 3,3,0 0.05C   , 3,6,0 0.22C   , so that 0 0,67C   while the experimental result of 
measuring the complex spectrum in Fig. 10a is 3,0 0,65C  , i.e. the error of two alternative 
measurements is 3,0 0.02C  .  
 
The measure of uncertainty inserted by the perturbation into the complex beam is 
specified by the entropy
mH , whose dependence on the radius R  of the aperture is shown in Fig. 
10b. he theoretical curve in the figure first shows fast entropy oscillations that is replaced by an 
a   b   
Fig.11  (a) Intensity distribution of a complex beam before sorting; (b) intensity 
distribution of the sorted LG beams with 0m  ,  1 2 30, 3, 6n n n   , 2R  . The 
correlation degree of the images is 0.92   
asymptotic tendency to 1.584962501mH   after reaching the critical radius 4crR  .  Indeed, as 
the critical radius of the aperture is reached the value 2 1nR m n   , the local entropy ,m nH  
of each mode reaches a critical value , 21/ 3log 3m nH   and does not change further. After the 
critical radius reaches a spot radius 4crR    for a mode with a higher radial number 6n   , the 
entropy of the mixture tends to  3 -1/3log3 1.584962501mH    . Experimental points follow 
theoretical predictions with slight deviations. A rather large uncertainty 
mH  in a complex beam 
inserts a perceptible error in the mode sorting. Figure 11 shows two images of the complex 
beams. The intensity distribution before sorting the complex beam in Fig. 11a was compared 
with the intensity distribution of the complex beam in Fig. 11b obtained by superposition of the 
sorted out the LG modes. The correlation degree of the intensity distributions was 0.92   that 
barely exceeds the critical value 0.9cr  . This indicates the need to improve the experimental 
technique and the mode sorting method.  
 
5. Conclusions 
 
Thus, the results of our studies lie in developing and implementing the basic principles of 
digital sorting the Laguerre-Gauss modes by radial numbers both for a non-degenerate and a 
degenerate state of a vortex beam subject to perturbations in the form of a hard-edged aperture of 
variable radius. The digital sorting of LG beams by the orthogonal basis involves the use of 
higher-order intensity moments, and subsequent scanning of the modulated beam images at the 
focal plane of a spherical lens. As a result, we obtain a system of linear equations for the squared 
mode amplitudes and the cross amplitudes of the perturbed beam. The solution of the equations 
allows one to determine the amplitudes of each LG mode and restore both the real mode array 
and the combined beam as a whole. 
First, we developed a digital sorting algorithm, and then two types of vortex beams were 
experimentally studied on its basis: a single LG beam and a composition of single LG beams 
with the same topological charges  m   (azimuthal numbers) and different radial numbers n . The 
beam was perturbed by means of a circular hard-edged aperture with different radii R. As a result 
of the perturbation, a set of secondary LG modes with different radial numbers k is appeared that 
is characterized by an amplitude spectrum  ,m nC k . The spectrum obtained makes it possible to 
restore both the real array of LG modes and the perturbed beam itself with a degree of 
correlation not lower than 0.94  . As a measure of uncertainty induced by the perturbation we 
measured the informational entropy (Shannon's entropy).  
The perturbation of a complex beam led to appearance of a degenerate spectrum of 
amplitudes, when a single radial number k  in the amplitude spectrum  ,m nC k corresponds to a 
set of M   perturbed LG modes where M  is a number of modes in the initial vortex beam. To 
decrypt and then sort the modes of a degenerate beam, it is necessary to know M keys.  As such 
keys, we chose the amplitude spectra  ,m nC k  of non-degenerate perturbed beams for given radii 
R  and initial radial numbers n . Measurements showed that the informational entropy of the 
complex beam increases substantially. This affected the sorting quality of real restored beams in 
comparison with that of single perturbed beams since the correlation degree decreased to 
0.92   but exceeded the optimal correlation degree 0.90opt  . 
The considered new technique of digital beam sorting makes it possible to significantly simplify 
the existing devices for sorting beams by radial numbers, known to the authors, since it removes 
a number of interferometric elements from the optical devices together with auxiliary mechanical 
and optoelectronic gadgets. Besides, employment of degenerate perturbed beams allows one to 
use of new quantum key distributions in cryptography, optical communication and data 
processing systems. 
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